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Abstract: This study presents an extension of a previous study (On an Exact Step Length in Gradient-
Based Aerodynamic Shape Optimization) to viscous transonic flows. In this work, we showed that
the same procedure to derive an explicit expression for an exact step length βexact in a gradient-
based optimization method for inviscid transonic flows can be employed for viscous transonic flows.
The extended numerical method was evaluated for the viscous flows over the transonic RAE 2822
airfoil at two common flow conditions in the transonic regime. To do so, the RAE 2822 airfoil was
reconstructed by a Bezier curve of degree 16. The numerical solution of the transonic turbulent
flow over the airfoil was performed using the solver ANSYS Fluent (using the Spalart–Allmaras
turbulence model). Using the proposed step length, a gradient-based optimization method was
employed to minimize the drag-to-lift ratio of the airfoil. The gradient of the objective function with
respect to design variables was calculated by the finite-difference method. Efficiency and accuracy of
the proposed method were investigated through two test cases.
Keywords: step length; Bezier curve; aerodynamic shape optimization; viscous flows; finite-difference
method
1. Introduction
The advent of computers of ever-increasing power, speed, and memory capacity over
the past decades has enabled the development of various aerodynamic shape optimiza-
tion algorithms which rely on combining computational fluid dynamics with numerical
optimization methods. Among the optimization methods commonly used in aerodynamic
shape optimization problems are gradient-based methods such as the steepest descent,
conjugate gradient, and quasi-Newton methods. In these methods, the calculation of two
variables (1) direction of descent and (2) step length are needed during the iterative process
to update the current solution. The direction of descent determines the direction along
which the value of the underlying objective function is reduced and is obtained from the
calculation of the gradient of the objective function. The step length specifies the distance
that the updated solution should move in the direction of descent to reduce the objective
function as efficiently as possible. The effectiveness of a gradient-based aerodynamic shape
optimization problem relies very much on the accuracy of the calculation of these two
variables. In aerodynamic shape optimization problems, the finite-difference method and
the adjoint method are two methods to calculate the gradient of the objective function with
respect to design variables. In this study, the central finite-difference method was used to
calculate the gradient. The inexact step length used in the aerodynamic shape optimization
was calculated using line search or trust-region methods and was chosen so that some
conditions, such as the Wolfe conditions, could be satisfied [1]. In [1], the authors proposed
an exact step length in aerodynamic shape optimization problems for inviscid transonic
flow over an airfoil. The main objective of this study was to extend the derived expression
Fluids 2021, 6, 106. https://doi.org/10.3390/fluids6030106 https://www.mdpi.com/journal/fluids
Fluids 2021, 6, 106 2 of 16
for the exact step length in inviscid flows to the viscous flows. In this work, the RAE
2822 airfoil was used to assess the accuracy and efficiency of the proposed gradient-based
shape optimization method due to widespread use of this airfoil in transonic turbulent
flows [2–9]. As the state-of-the-art in aerodynamic shape optimization was presented in
some detail in the first part of this work [1], in this paper we only state some papers dealing
with the shape design optimization of the RAE2822 at the flow conditions of interest in this
work. The aerodynamic shape optimization of the RAE 2822 airfoil in some of the above
literature is as follows:
In [2], a different number of design variables (vertical movements of the free-form
deformation (FFD) control points and the angle of attack) ranging from 8 to 52 and C-
and O-type structured grids were used to reduce the drag on the airfoil satisfying some
constraints. The adjoint method was used to compute the derivatives of objective and
constraint functions with respect to large numbers of design variables. In [3], the airfoil
was reconstructed using B-spline and the flow domain was meshed using a structured
multi-block grid. Then the B-spline control points and angle of attack were considered as
design variables in the problem of the drag reduction under some constraints including
lift. The gradient of the objective function (drag) was computed by the adjoint method
and the sequential quadratic programming (SQP) was employed to solve the constrained
minimization problem. In [4], the angle of attack and the deformation of certain pilot points
along the airfoil surface were considered as the design variables. The reduction of the drag
was considered as the objective function and the adjoint method was used to compute the
gradient of the objective function with respect to the design variables. In [5], the airfoil
was parameterized with a different number (ranging from 16 to 48) of control points of a
third-order B-spline. The B-spline control points and angle of attack were considered as
design variables. The constrained optimization of the drag reduction under the specified
constraints was defined by a quadratic penalty equation as an objective function. Sparse
nonlinear optimizer (SNOPT) was employed to minimize the objective function and the
gradient was solved by an adjoint solver. In [6], a class-shape function transformation
(CST) method of the order 8 was employed to parameterize the airfoil. The conformal
transformation was used to mesh the flow domain. Using 18 design variables and based on
surrogate models for the objective function (drag) and constraints, a so-called “multi-round
optimization strategy” (with a total cost of 592 CFD calls for global optimization) was
used to find the global optimal solution. In [7], an aerodynamic shape optimization code,
Jetstream, was used to minimize the airfoil drag satisfying certain constraints. A C-type
structured grid was used and the y-coordinates of the B-spline surface control points
(ranging from 7 to 37 on the top and bottom surfaces of the airfoil) or FFD control points
(ranging from 5 to 37 on the top and bottom surfaces of the airfoil), as well as the angle
of attack, were considered as design variables. The discrete-adjoint method was used
to compute the gradients and the sequential quadratic programming was employed to
minimize the objective function.
The remainder of this paper is organized as follows: The RAE 2822 airfoil was parame-
terized using a Bezier curve of degree 16 (for either of the upper and lower surfaces). Some
of the Bezier curve control points were considered as design variables. The flow domain
was meshed using the O-type structured hyperbolic grid generation method and the flow
equations were solved using the CFD solver ANSYS Fluent. The square of the drag-to-lift
ratio was considered as an objective function. The gradient-based quasi-Newton method
was used to minimize the objective function. An explicit expression was derived for
the step length needed in the iterative process to update the solution. The gradient of
the objective function with respect to the design variables was calculated by the central
finite-difference method.
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2. Governing Equations
Viscous flows were governed by the Navier–Stokes equations. If body forces and
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where u and v are the components of the velocity vector V = ui + vj (i and j are
the unit vectors in x and y directions, respectively), p is the pressure, ρ is the density,
V =
√
u2 + v2 is the scalar magnitude of the velocity vector of the fluid flow V, T is the
temperature, kT is the thermal conductivity, e is the internal energy, and τ is the shear
stress. In transonic turbulent flows, the numerical solution of the full Navier–Stokes
equations is prohibitively expensive to adequately resolve time and length scales of the
turbulence. The Reynolds-averaged Navier–Stokes (RANS) equations with a turbulence
model can be used to reduce the prohibitively high computational cost of the numerical
solution and simulate the turbulent flows efficiently. The RANS equations are based on
the decomposition of the flow variables into a time-averaged (mean) and fluctuating part.
The averaging method results in the equations for the time-averaged part which are of
the same form as the original Navier–Stokes equations plus fluctuating quantities known
as Reynolds stresses. In turbulence modeling, the Reynolds stresses are related to the
time-averaged velocity gradients or time-averaged strain rate tensor through introducing
the turbulent eddy viscosity concept. The Spalart–Allmaras (S-A) one-equation turbulence
model [10] is one of the most popular turbulence models which was developed specifically
for aerospace applications and is widely used in computations of turbulent flows around
wings and airfoils. The S-A model is robust, converges fast, and can be easily implemented
on structured and unstructured grids with moderate grid resolution requirements in the
near-wall region [11]. In this study, the software ANSYS Fluent (V19.2) was used to solve
the RANS equations along with the S-A turbulence model in order to compute the drag
and lift forces acting on the RAE 2822 airfoil. Here, the viscous flows over the transonic
RAE 2822 airfoil at two common flow conditions in the transonic regime were considered.
These two flow conditions were referred to as Case 6 (corrected) and Case 9 (corrected)
in [12], respectively, and have been extensively used to validate the numerical results from
the solution of the RANS equations applied to viscous transonic flows over the RAE 2822
airfoil. The two flow conditions are as follows (Figure 1):
Test case I (Case 6 [12]):
M∞ = 0.729, α = 2.31
◦
Test case II (Case 9 [12]):
M∞ = 0.734, α = 2.79
◦
where M∞ and α are the free stream Mach number and the angle of attack, respectively.
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which should be recognized: 
Advantage: It improves the flexibility of the Bezier curve, thereby increasing the 
accuracy of the resulting airfoil shape. 
Disadvantage: It increases the computational cost of calculating the sensitivity 
coefficients when the finite-difference method is used to calculate the derivative of the 
objective function with respect to the design variables. 
Disadvantage: Control points (design variables) with widely varying orders of 
magnitude may be obtained (problem of poor scaling [13]). It is somewhat the case for the 
parameterization of the RAE 2822 airfoil using the Bezier curve. A comparison of the 
Bezier control points for the parameterization of the NACA 0012 and RAE 2822 airfoils 
by a Bezier curve of degree 16 using 65 points on each surface (upper and lower ones) is 
shown in Figure 2. Since any point on a Bezier curve is affected by the values of all 
control points, any change in one control point is felt throughout the entire curve (an 
inability to produce a local change within a curve). It can be concluded that when dealing 
with the RAE 2822 airfoil, the effect of the changes to the control points on the variation 
of the objective function is widely varying, which may result in unphysical airfoil shapes. 
Moreover, increasing the Bezier curve degree increases the variations of the control 
points for the RAE 2822 airfoil and makes the scaling issue more severe (Figure 3). 
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Figure 3. Comparison of the control points of Bezier curves of degrees 16 (17 control points),
20 (21 control points), and 24 (25 control points) for RAE 2822 airfoil.
Although the scaling of the design variables is a way to alleviate the problem of the
poor scaling of the design variables, in this work, the design variables were not scaled.
Instead, the exact step length value βexact was modified and only a fraction of it was
considered. In doing so, the variations of the design variables were limited and a realistic
airfoil shape as obtained at each iteration. For t o test cases of interest in this study, e
considered so e ap roxi ate values for the step length odification as follo s:
For T t I: ∞ . ,
◦
β = 0.02βexact ( )
For T t II: ∞ . , .
◦
β = 0.1βexact (6)
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It should be noted that the modifications values of 0.02 and 0.1 given by Equations (5)
and (6) were applied for all iterations and there was no need to change them in every single
iteration. Moreover, these modification values depended on the shape of the airfoil used
in the study. If, for example, a NACA 0012 airfoil was used, the scaling problem was less
severe and larger values of the modification (close to one) could be used.
3.2. Optimization Method
In this study, the unconstrained nonlinear minimization problem was solved by a
quasi-Newton method (BFGS) which is a gradient-based optimization approach. The
algorithm and the details of this optimization method used in this study are explained







where D and L are the drag and the lift, respectively. The angle of attack α is considered
constant during minimization of the objective function J. Some Bezier control points were
considered as the design variables. On either of the upper and lower surfaces of the
parameterized airfoil, three control points at the leading edge and four control points at
the trailing edge were fixed to obtain a sharp trailing edge and a round leading edge. Thus,
there were 2× 10 = 20 design variables for each test case which were denoted by BDVi
(i = 1, . . . , 20) (Figure 4). As shown by the optimization results, such a high number of
fixed control points did not restrict the effectiveness of the optimization process.
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where ε = 0.01.
The total drag D is the sum of the drag due to pressure Dp and the drag due to skin
friction Df.
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D = Dp + Df (11)
where Dp and Df are given as (Figure 5).
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In aerodynamic shape optimization, the x− coordinates of airfoil nodes are usually
considered fixed during the optimization and only the y− coordinates of airfoil nodes are
optimized. Therefore, the terms Np and Af, which are functions of x− coordinates, are
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3.3. Exact Step Length
Following an argument given in Equations (23)–(25) in [1], it can be concluded that for





, an expression for the exact
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where the term Af cos α is added to the numerator of the exact step length expression
for the inviscid flows derived in [1].
4. Results
Initially, the numerical solutions of the viscous transonic flow over the RAE 2822
airfoil for the two considered flow conditions obtained by the software ANSYS Fluent were
validated by the experimental data in [12]. To do so, the original RAE 2822 airfoil [14] was
reconstructed using a Bezier curve of degree 16 to obtain the initial control points (Figure 6).
Then a structured hyperbolic grid generation method was used to generate an O-type
mesh over the whole flow domain (Figure 7). The grid size was 129× 129 (129 nodes on
the airfoil surface and 129 nodes in the normal direction to the airfoil surface). For both
flow conditions, the S-A turbulence model was used and the wall spacing was 5× 10−5m
(y+ ≈ 30). In ANSYS Fluent, when using the Spalart–Allmaras turbulence model, y+ of
the wall-adjacent cells was either very small (on the order of y+ = 1) or approximately 30
or greater [15]. A summary of the data used in the numerical simulation and the results
including the drag D, the lift L, the coefficient of the drag cd, and the coefficient of lift
cl for both flow conditions are given in Table 1. The comparisons between the results
obtained from the numerical solution (ANSYS Fluent, S-A turbulence model) and the
experimental data [12] are shown in Figure 8a (for the first flow condition) and Figure 8b
(for the second flow condition). As can be seen, a very good agreement was obtained
between the numerical results (using the reconstructed RAE 2822 airfoil) and experimental
data for both flow conditions. The Mach number distributions for both test cases are shown
in Figure 9.
Table 1. Numerical simulation of transonic turbulent flow over the RAE 2822 airfoil using the software ANSYS Fluent.
Test Case M∞ α Grid Size Wall Spacing
Turbulence
Model D cd L cl
1 0.729 2.31 129 × 129 5 × 10−5 m S-A 478.215 N 0.0127 28,861.262 N 0.766
Experimental results ([12]: Case 6 (corrected): 0.0127 0.743
2 0.734 2.79 129 × 129 5 × 10−5 m S-A 780.363 N 0.0204 32,671.037 N 0.856
Experimental results ([12]: Case 9 (corrected): 0.0168 0.803
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Figure 7. Structured mesh (hyperbolic O-type) around the RAE2822 airfoil used for solving the transonic turbulent flow 






























































airfoil: RAE 2822 
M∝=0.734, α=2.79
grid size=129×129
Figure 8. Comparison of surface pressure coefficient between the numerical solution (ANSYS Fluent, S-A turbulence model)
and the experimental data [12] for the RAE2822 airfoil at the flow conditions: (a) Test case I: M∞ = 0.729, α = 2.31
◦
, and (b)
Test case II: M∞ = 0.734, α = 2.79
◦
.
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Therefore, the drag reduction (21.2% in Test case I and 46.0% in Test case II) was mainly 
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insignificant, as explained earlier in Section 3.2 and Equation (14). Moreover, as can be 
seen in Tables 2 and 3, the increase in the lift (7.9% in Test case I and 4.3% in Test case II) 
was totally due to the pressure lift. The lift due to skin friction was negligible. As the drag 
reduction due to the skin friction was insignificant, the drag reduction problem could be 
considered as the minimization of the pressure drag only. Thus, the exact step length 
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Figure 9. Mach number distribution around the RAE 2822 airfoil.
As stated previously, two flow conditions were considered here to investigate the
performance of the proposed numerical approach in the shape optimization of the RAE
2822 airfoil in viscous transonic flows. In both flow conditions, there was a shock on
the upper surface, as can be seen in Fi ure 10a (for Test case I) and Figure 11a (for Test
case II). Moreover, the optimal shapes for the both test cases (Figures 10b and 11b) were
approximately shock-free with a significantly duced drag. The numerical solution of the
initial shape (reconstructed RAE 2822 airfoil) gave a total drag of 1 6.8 counts (75.3 counts
due to pressure and 51.5 counts due to skin friction) in Test case I (Table 2) and a total
drag of 204.3 counts (155.1 counts due to pressure and 49.2 counts due to skin friction)
in Test case II (Table 3). The corresponding values of the drag for the optimal shape for
both test cases were a total drag of 99.9 counts (47.8 counts due to pressure and 52.1 counts
due to skin friction) in Test case I (Table 2) and a total drag of 110.3 counts (58.4 counts
due to pressure and 51.9 counts due to skin friction) in Test case II (Table 3). Therefore,
the drag reduction (21.2% in Test case I and 46.0% in Test case II) was mainly due to the
pressure drag. The skin friction drag contribution to the drag reduction was insignificant,
as explained earlier in Section 3.2 and Equation (14). Moreover, as can be seen in Tables 2
and 3, the increase in the lift (7.9% in Test case I and 4.3% in Test case II) was totally due to
the pressure lift. The lift due to skin friction was negligible. As the drag reduction due to
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the skin friction was insignificant, the drag reduction problem could be considered as the
minimization of the pressure drag only. Thus, the exact step length expression obtained
already for the inviscid flows [1] could also be used to deal with the viscous flows. If
in Equation (20), Af cos α = 0, then the expression for the inviscid flows was obtained.
In this case, when Af cos α = 0, the numerator of Equation (20) became smaller and we
could consider larger modification values (Equations (5) and (6)) for the modified step
length. Thus, the modified step length became closer to the exact step length value. If we
considered the pressure drag reduction only and neglected the insignificant variation of the
skin friction drag during the optimization process, the drag reductions of 36.5% (27.5 drag
counts) and 62.3% (96.7 drag counts) were obtained in Test cases I (Table 2) and II (Table 3),
respectively. A summary of the results including the values of the objective function, the
step length, the drag, the drag coefficient, the lift, and the lift coefficients in all iterations
during the optimization process is presented in Table 4 (for Test case I) and Table 5 (for Test
case II). The results showed that the objective function reduction was 46.7% for Test case I
and 73.3% for Test case II. As can be seen in the trend of the minimization of the objective
function, the vast majority of the reduction in the objective function value happened in the
first iteration. This resulted in a very efficient optimization procedure because a desirable
airfoil shape based on the design requirements was achieved in only one iteration. This
matter (major reduction in the objective function value in the first iteration) was also
observed in the optimization problem for the inviscid transonic flow presented in [1]. The
comparison of the initial and optimal airfoils and the corresponding airfoil surface pressure
coefficients are shown in Figure 12 (Test case I) and Figure 13 (Test case II). The gradient
of the objective function with respect to the design variables for the initial and optimal
airfoil shapes as well as the history of the objective function during the shape optimization
process are shown in Figure 14 (Test case I) and Figure 15 (Test case II). As given in Tables 6
and 7, the reduction in the norm of the gradient of the objective function (which is usually
considered as a measure to verify a sufficient decrease in the objective function value to
reach the optimal solution) was 88% (Test case I) and 95.5% (Test case II). The value of
the lift-to-drag ratio for the initial and optimal shapes were 60.35 and 82.65 for Test case
I (Table 8) and 41.87 and 80.95 for Test case II (Table 9). As can be seen, the lift-to-drag
ratio for both test cases was improved significantly. The optimization process for each test
case stopped when a negative step length was obtained as long as a sufficient reduction
in the norm of the gradient (or the objective function value) was achieved. Moreover,
by considering the results reported in the literature concerning the aerodynamic design
optimization of the RAE 2822 airfoil at these two flow conditions, it can be seen that the
final results for both test cases considered in this paper were comparable and competitive
to the results presented in the literature.
As stated previously, the two test cases considered in this study were as follows:
Test case I: M∞ = 0.729, α = 2.31
◦
:
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Test case II: M∞ = 0.734, α = 2.79
◦
:
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Figure 12. Comparison of initial and optimal airfoils used in the transonic turbulent flow shape optimization (a) and the
corresponding airfoil surface pressure coefficients (b) for Test case I.
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Figure 13. Comparison of initial and opti al airf ils se i t e tra s ic t rbulent flow shape optimization (a) and the
corresponding airfoil surface pressure coefficients (b) for Test case II.
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Figure 14. The gradient of the objective function with respect to the design variables (a) and the history of the objective 
function during the shape optimization process (Test case I). 
Table 2. The value of the components of the drag (drag due to pressure and drag due to skin 
friction) for the initial and optimal shapes (Test case I). 
Airfoil Shape pd
c  (Due to 
Pressure) 
fd
c  (Due to Skin 
Friction) 
pl
c  (Due to 
Pressure) 
fl
c  (Due to Skin 
Friction) 
Initial 0.00753 (75.3 counts) 
0.00515  
(51.5 counts) 0.766 Negligible 
Optimal 0.00478 (47.8 counts) 
0.00521  
(52.1 counts) 0.827 Negligible 
Variation −27.5 counts (−36.5%) 
+0.6 counts 
(+1.2%) +7.9% - 
Table 3. The value of the components of the drag (drag due to pressure and drag due to skin 
friction) for the initial and optimal shapes (Test case II). 
Airfoil Shape pd
c  (Due to 
Pressure) 
fd
c  (Due to Skin 
Friction) 
pl
c  (Due to 
Pressure) 
fl
c  (Due to Skin 
Friction) 
Initial 0.01551  (155.1 counts) 
0.00492  
(49.2 counts) 0.856 negligible 
Optimal 0.00584  (58.4 counts) 
0.00519  
(51.9 counts) 0.893 negligible 
Variation −96.7 counts  (−62.3%) 
+2.7 counts  
(+5.5%) +4.3% - 







= exact0.02β β  
(N)D  dc  (N)L  lc  
0 (initial shape) 2.745 × 10−4 - 478.215 0.01270 28861.262 0.766 
1 1.646 × 10−4 0.617 365.337 0.00970 28471.807 0.756 
2 1.605 × 10−4 0.380 362.635 0.00963 28623.569 0.760 
3 1.574 × 10−4 0.478 363.709 0.00966 28993.749 0.770 
4 1.541 × 10−4 0.527 365.979 0.00972 29479.790 0.783 
5 1.464 × 10−4 1.023 376.658 0.01000 31132.061 0.827 
Variation: −46.68%  −21.24%   +7.87%  
Table 5. Results for Test case II. 
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Table 2. The value of the components of the drag (drag due to pressure and skin friction) for the initial a d
optimal shapes (Test case I).
Airfoil Shape cdp (Due to Pressure) cdf (Due to Skin Friction) clp (Due to Pressure) clf (Due to Skin Friction)
Initial 0.00753(75.3 counts)
0.00515
(51.5 counts) 0.766 Negligible
Optimal 0.00478(47.8 counts)
0.00521




Table 3. The value of the components of the drag (drag due to pressure and drag due to skin friction) for the initial and
optimal shapes (Test case II).
Airfoil Shape cdp (Due to Pressure) cdf (Due to Skin Friction) clp (Due to Pressure) clf (Due to Skin Friction)
Initial 0.01551(155.1 counts)
0.00492
(49.2 counts) 0.856 negligible
Optimal 0.00584(58.4 counts)
0.00519




Table 4. Results for Test case I.
Iteration Number (k) J = (DL )
2 Step Length β = 0.02β xact D(N) cd L(N) cl
0 (initial shape) 2.745 × 10−4 - 478.215 0.01270 28,861.262 0.766
1 1.646 × 10−4 0.617 365.337 0.00970 28,471.807 0.756
2 1.605 × 10−4 0.380 362.635 0.00963 28,623.569 0.760
3 1.574 × 10−4 0.478 363.709 0.00966 28,993.749 0.770
4 1.541 × 10−4 0.527 365.979 0.00972 29,479.790 0.783
5 1.464 × 10−4 1.023 376.658 0.01000 31,132.061 0.827
Variation: −46.68% −21.24% +7.87%
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Table 5. Results for Test case II.
Iteration Number (k) J = (DL )
2 Step Length β = 0.1βexact D(N) cd L(N) cl
0 (initial shape) 5.705 × 10−4 - 780.363 0.02044 32,671.037 0.856
1 1.922 × 10−4 0.649 452.707 0.01186 32,650.360 0.855
2 1.732 × 10−4 1.020 424.828 0.01113 32,278.523 0.845
3 1.704 × 10−4 2.892 422.808 0.01107 32,387.967 0.848
4 1.676 × 10−4 0.472 419.205 0.01098 32,382.375 0.848
5 1.651 × 10−4 0.194 416.252 0.01090 32,391.880 0.848
6 1.630 × 10−4 0.159 414.045 0.01084 32,427.214 0.849
7 1.613 × 10−4 0.071 412.262 0.01080 32,458.909 0.850
8 1.600 × 10−4 0.191 411.515 0.01078 32,531.610 0.852
9 1.589 × 10−4 0.204 411.136 0.01077 32,618.635 0.854
10 1.579 × 10−4 0.130 411.253 0.01077 32,725.537 0.857
11 1.570 × 10−4 0.176 411.640 0.01078 32,847.427 0.860
12 1.563 × 10−4 0.166 412.425 0.01080 32,987.541 0.864
13 1.557 × 10−4 0.135 413.322 0.01082 33,129.353 0.868
14 1.551 × 10−4 0.060 414.412 0.01085 33,274.957 0.871
15 1.546 × 10−4 0.135 415.624 0.01088 33,428.423 0.875
16 1.541 × 10−4 0.128 416.984 0.01092 33,589.964 0.880
17 1.536 × 10−4 0.129 418.408 0.01096 33,758.836 0.884
18 1.531 × 10−4 0.131 419.861 0.01100 33,937.661 0.889
19 1.526 × 10−4 0.023 421.374 0.01103 34,112.008 0.893
Variation: −73.25% −46.00% +4.41%
Table 6. Reduction in the norm of gradient of the objective function (Test case I).
Initial Shape Optimal Shape Reduction
1.90 × 10−2 2.3 × 10−3 87.99%
Table 7. Reduction in the norm of gradient of the objective function (Test case II).
Initial Shape Optimal Shape Reduction
3.33 × 10−2 1.5 × 10−3 95.46%
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Figure 15. The gradient of the objective function with respect to the design variables (a) and the history of the objective 
function during the shape optimization process (Test case II). 
5. Conclusions 
In this study, the expression for the exact step length which was previously 
developed by the authors for inviscid transonic flows, was extended to viscous transonic 
flows over airfoils. The RAE 2822 airfoil was chosen to investigate the accuracy of the 
proposed step length due to widespread use of the RAE 2822 airfoil in transonic 
turbulent flows. The RAE 2822 airfoil was reconstructed by a Bezier curve of degree 16 
and then some of the Bezier curve control points were considered as design variables. 
The minimization of the drag-to-lift ratio was performed using the gradient-based 
optimization method BFGS. The gradient of the defined objective function with respect to 
the design variables was calculated by the finite-difference method. Two test cases were 
considered using two common flow conditions and the numerical solution of the 
transonic turbulent flow over the airfoil was performed using the solver ANSYS Fluent 
(using the S-A turbulence model). The use of the proposed step length expression 
resulted in an accurate and efficient optimization process in which the optimal shape was 
achieved within a few iterations with a significant objective function reduction in the first 
iteration. The final results for both test cases were comparable and competitive to the 
results presented in the literature. 
Author Contributions: Conceptualization, F.M.; data curation, F.M.; formal analysis, F.M.; funding 
acquisition, F.M.; investigation, F.M.; methodology, F.M.; resources, F.M.; software, F.M.; 
supervision, B.E. and M.S.; validation, F.M.; visualization, F.M.; writing—original draft, F.M.; 
writing—review and editing, F.M. and B.E. All authors have read and agreed to the published 
version of the manuscript. 
Funding: This research was supported by funding from the European Union’s Horizon 2020 
research and innovation program under the Marie Skłodowska–Curie grant agreement no. 663830. 
Conflicts of Interest: The authors declare no conflict of interest. 
 
References 
1. Mohebbi, F.; Evans, B. On an exact step length in gradient-based aerodynamic shape optimization. Fluids 2020, 5, 70, 
doi:10.3390/fluids5020070. 
2. He, X.; Li, J.; Mader, C.A.; Yildirim, A.; Martins, J.R. Robust aerodynamic shape optimization—From a circle to an airfoil. 
Aerosp. Sci. Technol. 2019, 87, 48–61, doi:10.1016/j.ast.2019.01.051. 





































Figure 15. The gradient of the objective function with respect to the design variables (a) and the history of the objective
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5. Conclusions
In this study, the expression for the exact step length which was previously developed
by the authors for inviscid transonic flows, was extended to viscous transonic flows over
airfoils. The RAE 2822 airfoil was chosen to investigate the accuracy of the proposed step
length due to widespread use of the RAE 2822 airfoil in transonic turbulent flows. The RAE
2822 airfoil was reconstructed by a Bezier curve of degree 16 and then some of the Bezier
curve control points were considered as design variables. The minimization of the drag-to-
lift ratio was performed using the gradient-based optimization method BFGS. The gradient
of the defined objective function with respect to the design variables was calculated by
the finite-difference method. Two test cases were considered using two common flow
conditions and the numerical solution of the transonic turbulent flow over the airfoil was
performed using the solver ANSYS Fluent (using the S-A turbulence model). The use of
the proposed step length expression resulted in an accurate and efficient optimization
process in which the optimal shape was achieved within a few iterations with a significant
objective function reduction in the first iteration. The final results for both test cases were
comparable and competitive to the results presented in the literature.
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